Abstract. We revisit the Faulkner construction of metric 3-Leibniz algebras admitting an embedding Lie (super)algebra. In the case of positive-definite signature, we relate the various notions of simplicity: of the 3-algebra, of the representation and of the embedding Lie (super)algebra. This reduces their classification to the extant classifications of simple Lie (super)algebras.
Introduction
Starting with the pioneering proposal of Bagger and Lambert [1, 2] and Gustavsson [3] for a nonabelian superconformal field theory of M2-branes, certain kinds of ternary algebras (contained in the class of metric 3-Leibniz algebras, defined for example in [4] ) are known to be associated to three-dimensional superconformal Chern-Simons + matter theories with various amounts of supersymmetry. The case of maximal (N=8) supersymmetry corresponds to the metric 3-Lie algebras of Filippov [5] , whereas for less-than-maximal supersymmetry a number of algebras have been shown to play a rôle, starting with the work of Bagger and Lambert [6] for the N=6 theories of Aharony, Bergman, Jafferis and Maldacena [7] and Cherkis and Sämann [8] for N=2 theories. In [9] a construction was given of all the 3-algebras underlying superconformal Chern-Simons + matter theories in three dimensions, purely in terms of Lie algebras and representation theory, by specialising a construction due to Faulkner [10] . The mathematical literature is replete with a bewildering array of triple systems, to which some authors have linked the 3-algebras of interest [11, 12, 13] .
In particular, in a recent paper [13] Palmkvist revisits the relation between 3-algebras of the N=6 theories and Lie superalgebras established in [9] , refining the result by showing that, Date: 8th June 2009. in the case of positive-definite signature, several notions of simplicity (or irreducibility) correspond. This is phrased-in the opinion of this author, unnecessarily-in the language of generalised Jordan triple systems and the purpose of this note is to show that this refinement can be recovered easily from the construction in [9] . In fact, as we will see, the proof that the simplicity of the triple system corresponds to that of the embedding Lie (super)algebra is most easily obtained by first showing that both are separately equivalent to the irreducibility of the representation in the Faulkner construction. In other words, it is at the end of the day a result in representation theory, which is precisely the language in which the Faulkner construction allows us to phrase properties of the 3-algebras. For completeness we also treat the cases of Lie and anti-Lie triple systems, as a special case of the real and quaternionic Faulkner constructions, respectively. The latter case corresponds to the triple systems underlying (at least some of) the N=4, 5 Chern-Simons + matter theories.
This note is organised as follows. In § 2 we briefly recall the main definitions of the Faulkner construction of metric 3-Leibniz algebras: paying particular attention to the real orthogonal, complex unitary and quaternionic unitary representations. In § 3 we consider the special cases of the above constructions when the triple system admits an embedding into a Lie (super)algebra. In those cases there are three notions of simplicity (or irreducibility): simplicity of the triple system, irreducibility of the representation and simplicity of the embedding Lie (super)algebra and we show how they are related. We show that in the case of positive-signature, the three notions are essentially the same. The precise statements are contained in Theorem 1 for the Lie triple systems, Theorem 2 for the N=6 triple systems and Theorem 4 for the anti-Lie triple systems arising from a quaternionic unitary representation.
The Faulkner construction
In this section we review the Faulkner construction of 3-algebras in [9] . Let g be a real finite-dimensional Lie algebra with an ad-invariant symmetric bilinear form (−, −) and let V be a finite-dimensional faithful representation of g with dual representation V * . We will let −, − denote the dual pairing between V and V * . Transposing the g-action defines for all v ∈ V and α ∈ V * an element
where the · indicates the g-action on V . Extending D bilinearly, defines a g-equivariant map D : V ⊗ V * → g, which as shown in [9] is surjective because V is faithful. The g-equivariance of D is equivalent to the fundamental identity
for all v, w ∈ V and α, β ∈ V * , where the dual action D(v, α) · β is defined by
The map D defines in turn a trilinear product
A special case of the Faulkner construction is where V is a faithful unitary representation of g. This means that V is a real, complex or quaternionic representation of g possessing a g-invariant real symmetric, complex hermitian or quaternionic hermitian inner product, respectively. This gives rise, respectively, to a real orthogonal, complex unitary or quaternionic unitary representation of g. As shown in [9] , the real case corresponds precisely to the metric 3-Leibniz algebras constructed by Cherkis and Sämann in [8] , whereas the complex case contains as a special class the N=6 3-algebras of [6] .
2.1. The real Faulkner construction. Let us first consider the case of V, −, − a real inner product space admitting a faithful orthogonal action of a real metric Lie algebra g, (−, −). The inner product on V sets up an isomorphism ♭ :
. In other words, for all v, w ∈ V and X ∈ g, we have
It follows from the g-invariance of the inner product that
whence
for all u, v, w ∈ V . The resulting 3-Leibniz algebra, which appeared originally in [10] but more recently in [8] in the context of superconformal Chern-Simons + matter theories, satisfies the following axioms for all x, y, z, v, w ∈ V : (a) the orthogonality condition
(b) the symmetry condition
(c) and the fundamental identity
It follows from the orthogonality and symmetry conditions that [x, y, z] = −[y, x, z] for all x, y, z ∈ W , which is nothing but equation (7) . A special case are the algebras appearing in the maximally supersymmetric N = 8 theory of Bagger-Lambert [1, 2] and Gustavsson [3] , for which the 3-bracket is totally skewsymmetric. Another special case of these 3-Leibniz algebras corresponds to metric Lie triple systems, for which the 3-bracket obeys [x, y, z] + [y, z, x] + [z, x, y] = 0. Metric Lie triple systems are characterised by the fact that they embed into g ⊕ V as a real metric Z 2 -graded Lie algebra and are in one-to-one correspondence with pseudoriemannian symmetric spaces.
2.2.
The complex Faulkner construction. Let V, h be a complex unitary representation of a real metric Lie algebra g, (−, −). In our somewhat odd conventions, the hermitian inner product h is complex linear in the left entry and complex antilinear in the right one. The hermitian inner product h sets up a complex antilinear isomorphism V → V * . Indeed, we may parametrise V * by elements of
for all v, w ∈ V and X ∈ g C . We have extended the action of g on V to g C in the naive way:
and we have extended the inner product on g to g C complex bilinearly, turning g C into a complex metric Lie algebra acting faithfully on V . As shown in [9] , this means that D is surjective. Of course, being complex, g C cannot preserve h -instead it obeys h(X · v, w) = −h(v, X · w). Complex conjugating (12) , we see that this means that
. We now define a sesquibilinear 3-bracket V × V × V → V , complex linear in the first two entries and complex antilinear in the third by
for all u, v, w ∈ V . The 3-bracket enjoys the following properties: (a) the unitarity condition
The N=6 3-algebra of [6] obeys in addition the skewsymmetry condition
As proved in [9, Theorem 22], this condition can be understood as the 111 component of the Jacobi identity of a 3-graded complex Lie superalgebra k = V ⊕ g C ⊕ V * , in degrees −1, 0, 1 respectively. The Lie bracket of k extends the Lie bracket of g C and the actions of g C on V and
The quaternionic Faulkner construction.
Although one could work quaternionically, we will think of quaternionic representations as complex representations with a quaternionic structure map. Explicitly, by a quaternionic unitary representation of a Lie algebra g, we shall mean a complex unitary representation V, h together with a g-invariant complex antilinear map J : V → V , obeying J 2 = −1 and which is compatible with the hermitian structure h in the sense that h(Ju, Jv) = h(v, u). Using h and J we may define a complex bilinear symplectic structure
This allows us to transpose the g-action and define a bilinear map
which in turn defines a trilinear 3-bracket
for all u, v, w ∈ V . In terms of the sesquilinear map D :
. As shown in [9] , the resulting complex triple system enjoys the following properties: (a) the symplecticity condition
(c) the fundamental identity
(d) and the quaternionic condition
A particular case of these 3-algebras are those for which the 3-bracket obeys the cyclicity condition
(25) Such 3-algebras are known as anti-Lie triple systems. Anti-Lie triple systems admit an embedding in a complex Lie superalgebra in such a way that the 3-bracket is given by a nested Lie bracket. Indeed, let k = g C ⊕ V be 2-graded by declaring g C to have degree 0 and V to have degree 1. We give k the structure of a Lie superalgebra by extending the Lie bracket on g C and the action of g C on V as follows
Because of the symmetry of D ω , we see that this is indeed the Lie bracket of a Lie super algebra. The only component of the Jacobi identity which is in question is the 111 component, but this is precisely the cyclicity condition (25).
Simplicity
We have seen above that there are special cases of the Faulkner construction where the triple product is given by nested Lie brackets in an embedding graded Lie (super)algebra. In the real case, the Lie triple systems embed in a 2-graded Lie algebra; in the complex case, the N=6 triple systems embed in a 3-graded Lie superalgebra; and in the quaternionic case, the anti-Lie triple systems embed in a Lie superalgebra.
In all these cases we have three different notions of simplicity and it makes sense that they should be related. First we have a notion of simplicity of the triple system, by which we mean the absence of proper ideals. Each triple system has an obvious notion of morphism and ideals are defined as kernels of morphisms. We also have a notion of simplicity of the representation V , by which we mean irreducibility or, more precisely, indecomposability, with which it agrees in the case of positive-definite signature. Finally we have a notion of simplicity of the embedding Lie (super)algebra, by which we mean again the absence of proper ideals. As we will now show, in the case where the inner product on V has positive-definite signature, these different notions of simplicity agree, with a minor exception in the case of the Lie triple systems (see below).
3.1. Lie triple systems. Let V, −, − be a real faithful orthogonal representation of the real metric Lie algebra g, (−, −). Let D : V ×V → g be defined by (5) and the 3-bracket by (8) . We will assume that the 3-bracket defines a Lie triple system, so that in addition to the unitarity (9), symmetry (10) and fundamental identity (11) , it also obeys the cyclicity condition
Let k = g ⊕ V be a 2-graded vector space with g and V having degrees 0 and 1, respectively. We define on k a 2-graded Lie algebra structure extending the Lie bracket on g by declaring that, for all x, y ∈ V and X ∈ g,
The skewsymmetry condition (7) says that this is a Lie algebra and not a Lie superalgebra. The Jacobi identities break up into the usual four homogeneous components: the 000 component is zero by virtue of g being a Lie algebra, the 001 component by virtue of V being a representation, the 011 component by virtue of the fundamental identity (11), rephrased as the g-equivariance of the map D, and the 111 component is precisely the Lie triple system condition (27)
We will assume that the inner product −, − on V is positive-definite. This does not necessarily imply that the one on g is positive-definite; although since g is reductive, the inner product is arbitrary on the centre but a multiple (not necessarily of a definite sign) of the Killing forms of each of the simple ideals.
Let V, W be two Lie triple systems and let ϕ : V → W be a morphism. This means that for all x, y, z ∈ V , [ϕx, ϕy, ϕz] = ϕ[x, y, z]. Then U = ker ϕ is an ideal of the Lie triple system, which means that Proof. The second and third conditions can be paraphrased as saying that V has no proper ideals and k has no proper homogeneous ideals, since this is what it means to be simple as a 2-graded Lie algebra. This means that they are simple or one-dimensional. We will prove the contrapositive of each of the statements except the last, which shall be proved directly. 
(1) =⇒ (3). Let I = I 0 ⊕ I 1 ⊳ k be a homogeneous ideal. Then [gI 1 ] ⊂ I 1 says that I 1 ⊂ V is an g-submodule. Since V is irreducible, I 1 = 0 or I 1 = V . In the former case, I = I 0 and [I 0 V ] = 0, but g acts faithfully on V , whence I 0 = 0 and hence I = 0. In the latter case, The theorem can be strengthened by substituting condition (3) in the statement of the theorem with (3) ′ k is a simple (or one-dimensional) Lie algebra or else V ∼ = g (as g-modules) and g is a simple (or one-dimensional) Lie algebra. The distinction is that in the case where V ∼ = g, the diagonal embedding g ֒→ g ⊕ g defines a non-homogeneous proper ideal of k. The embedding Lie algebra g is then rendered isomorphic to g ⊕ g as a Lie algebra without 2-grading, with the ideal corresponding to one of the two copies of g.
Proof that (1) =⇒ (3)
′ . We notice that by the theorem it is enough to show that an ideal is homogeneous, to conclude that it cannot be proper. This will be used implicitly in order to simplify the exposition. Let I ⊳ k be an ideal, not necessarily homogeneous. Let W = I ∩ V . It is a g-submodule of V , whence it is either 0 or V , since V is irreducible. If W = V , then I = I 0 ⊕ V is homogeneous. If W = 0 then I is transversal to V . LetĪ denote the projection of I onto V . The projection is g-equivariant, henceĪ < V is a g-submodule. Again irreducibility says that eitherĪ = 0, in which case I ⊂ g is homogeneous, or elseĪ = V . In this latter case, I = I 0 ⊕ Γ, where Γ is the graph of a linear map ϕ : V → g. Since I is an ideal, in particular [gI] ⊂ I, whence in particular [gI 0 ] ⊂ I 0 , and hence I 0 is an ideal of g. Since g is reductive, there's a complementary ideal I ⊥ 0 and by suitably redefining ϕ, we can assume that ϕ : V → I ⊥ 0 . Again since I is an ideal, in particular [gΓ] ⊂ Γ, which is equivalent to the g-equivariance of ϕ. This means that ker ϕ < V is a g-submodule. Again irreducibility says that either ker ϕ = V , in which case ϕ = 0 and hence Γ = 0, whence I = I 0 is homogeneous, or else ker ϕ = 0 and ϕ is one-to-one. Its image is thus a g-submodule of I ⊥ 0 ; that is, an ideal of g. Since g is reductive, we have I 
which says that g = im ϕ, or that J 0 = 0. In other words, ϕ : V → g is an isomorphism of g-modules. Since V is irreducible, g is irreducible as an adjoint module, whence g has no proper ideals: it is thus simple or one-dimensional. In summary, k = g 0 ⊕ g 1 , as a vector space, where both g 0 and g 1 are isomorphic to g, with subscripts indicating the degrees. The Lie bracket is 2-graded. Explicitly, if we let X a , for a = 0, 1, denote the image of X ∈ g in g a , then [X a , Y b ] = [X, Y ] a+b , where subscript addition is taken modulo 2. The ideal I = {X 0 + X 1 |X ∈ g} is the diagonal embedding of g. Ignoring the 2-grading, k = I ⊕J, where both I and J = {X 0 − X 1 |X ∈ g} are now commuting ideals isomorphic to g as Lie algebras.
Of course these results are classical. They follow from the classification of irreducible riemannian symmetric spaces, which is equivalent to the classification of simple, positive-definite Lie triple systems. We include them here because of completeness and in order to illustrate in a simpler case the less familiar complex and quaternionic cases below.
3.2. N=6 triple systems. Let V, h be a faithful complex unitary representation of a real metric Lie algebra g, (−, −) giving rise to a sesquilinear Faulkner map D : V × V → g C as in (12) and hence to 3-bracket [x, y; z] := D(y, z) · x as in (13) . Assume furthermore that in addition to the unitarity (14) , symmetry (15) and fundamental (16) identities, it also satisfies the skewsymmetry condition (17) . We call such 3-algebras an N=6 triple system. Similarly to the case of Lie triple systems, an N=6 triple system embeds in a 3-graded Lie superalgebra in such a way that the 3-bracket is giving by nesting the Lie bracket. Indeed, on the complex vector space k = V ⊕ g C ⊕ V * the Lie bracket on g C together with
define the structure of a 3-graded Lie superalgebra, with V, g C , V * having degrees −1, 0, 1 respectively. The Jacobi identity breaks up into 5 homogeneous components: −1 − 11, −100, −101, 000, 001, −111, all other components being zero automatically because k has no elements of degree d with |d| > 1. The 000 component is the Jacobi identity for g C , the 001 and −100 components vanish by virtue of V * and V being g C -modules and the −101 component vanishes because D is g C -equivariant, which is the content of the fundamental identity. The remaining components vanish by the skewsymmetry condition (17), whose sign is responsible for the correct Jacobi identity for a Lie super algebra, as opposed to a Lie algebra. Furthermore k admits an ad-invariant complex bilinear inner product extending the one on g C by declaring g C perpendicular to V ⊕ V * and defining
The ad-invariance of this inner product is built into the Faulkner construction, as explained in [9] . We will assume in what follows that h is positive-definite. A morphism ϕ : V → W of N=6 triple systems is a complex linear map obeying [ϕu, ϕv; ϕw] = ϕ[u, v; w] and h(ϕu, ϕv) = h(u, v); although this latter identity plays no rôle in the following definition. The kernel of ϕ defines the notion of an ideal for an N=6 triple system. In other words, an ideal is a complex subspace U < V such that
The first condition says that U is a g C -submodule of V , whereas in positive-definite signature, the second condition is a consequence of the first as we will see below.
Analogously to Theorem 1, we have the following result, a version of which is stated in [13] .
Theorem 2. Let V be a positive-definite N=6 triple system, let g be the Faulkner Lie algebra and let k = V ⊕ g C ⊕ V * denote its embedding 3-graded Lie superalgebra. The following are equivalent:
(
1) V is irreducible as a g-module, (2) V is simple (or one-dimensional) as an N=6 triple system, (3) k is a simple (or one-dimensional) 3-graded Lie superalgebra.
Proof. Again, the second and third conditions can be paraphrased as saying that V has no proper ideals and k has no proper homogeneous ideals, since this is what it means to be simple as a 3-graded Lie superalgebra. This means that they are simple or one-dimensional. We will prove the contrapositive of each of the statements except the last.
(2) =⇒ (1). Suppose that V is reducible as a g-module and let U < V be a proper g-submodule. Its perpendicular complement
relative to the positive-definite hermitian inner product is also a submodule and V = U ⊕ U ⊥ . Then this is also a decomposition of the triple system V into as a direct sum of perpendicular ideals. The first observation is that D(U, U ⊥ ) = 0, in the obvious notation. Indeed, let u ∈ U and v ∈ U ⊥ , then for any X ∈ g C , we have ( 
In particular, [UV V ] ⊂ U, which says that U < V is a proper submodule. (3) =⇒ (1). As above let V = U ⊕ U ⊥ be a reducible g-module with proper submodules U and U ⊥ . Define
* , where this latter space is defined in a similar way. In terms of the embedding Lie superalgebra, the vanishing of the 3-brackets above mean that [U( As in the case of Lie triple systems, we may strengthen the theorem by substituting condition (3) in the statement of the theorem with (3) ′ k is a simple (or one-dimensional) Lie superalgebra. In other words, in this case k has no proper ideals of any kind.
Proof that (1) =⇒ (3) ′ . Again, the theorem allows us to discard any ideals which are homogeneous, since they cannot be proper. Let I = I 0 ⊕ J be an ideal of k, with I 0 ⊂ g C and J ⊂ V ⊕ V * . Then I 0 ⊳ g C is an ideal and J ⊂ V ⊕ V * is an g C -submodule, whence so are J ∩ V and J ∩ V * . Since V (and hence V * ) are irreducible, these cannot be proper submodules. This means that we have again four cases to treat:
Then J = V * and again I is homogeneous. (iv) J ∩ V = 0 and J ∩ V * = 0. This means that J is transversal to both V and V * . Let π : J → V denote the projection of J onto V along V * . Since π is g C -equivariant, the image π(J) ⊂ V is a submodule. Hence it is either 0 or V . If π(J) = 0, then J ⊂ V * , but since J ∩ V * = 0, this shows that J = 0 and I is again homogeneous. Finally, if π(J) = V , then J, being a g C -submodule is the graph
Therefore there is no such ideal.
3.3. Quaternionic anti-Lie triple systems. Let V, h, J be a quaternionic anti-Lie triple system. Recall that we think of it as a complex anti-Lie triple system with a compatible quaternionic structure. This means that the complex trilinear 3-bracket on V satisfies the conditions (21) , (22), (23), (24) and (25), where ω is the complex symplectic structure defined by h and J by (18) . As explained in Section 2.3, we may embed the anti-Lie triple system into a metric complex Lie superalgebra k = g C ⊕ V , where g C is the complexification of the Faulkner Lie algebra g. In this section we will assume that the hermitian structure h is positive-definite.
Let ϕ : V → W be a morphism of quaternionic anti-Lie triple systems. This means that ϕ is a complex linear map, commuting with J, and preserving the 3-bracket: ϕ[u, v, w] = [ϕu, ϕv, ϕw]. Then the kernel of ϕ is an ideal and all ideals are of this form. This means that an ideal U ⊂ V is a complex subspace, stable under J, and obeying
The first of the above equations says that U < V is a quaternionic g-submodule of V . In dealing with quaternionic representations, we have to distinguish between two notions of irreducibility: irreducibility as a quaternionic representation or irreducibility as a complex representation. We shall refer to the former kind as quaternionic-irreducible representations. They are characterised by the fact that they admit no proper quaternionic submodules; that is, submodules stable under J. A quaternionic-irreducible representation need not be irreducible, but it is easy to characterise those which are not. Proof. By hypothesis V admits no proper quaternionic submodules. Then either V is irreducible or else it admits a proper submodule W < V , which is not stable under the action of the quaternionic structure map J. By the invariance of J, JW is also a submodule of V . The linear span W + JW of the subspaces W and JW is stable under J, whence it is a quaternionic submodule. Since it cannot be proper it is all of V , since W = 0. The intersection W ∩ JW is also a quaternionic submodule of V , whence again not proper. It cannot be all of V (since W is proper), so it must be 0. Therefore V = W ⊕ JW . Finally notice that W itself is irreducible, for if U < W is a proper submodule, then U ⊕ JU would be a proper quaternionic submodule of V , which contradicts the hypothesis. (1) V is a quaternionic-irreducible g-module, (2) V is a simple quaternionic anti-Lie triple system, (3) k is a simple Lie superalgebra.
Let us remark that V , being quaternionic, cannot be one-dimensional, hence neither is k. This means that the absence of proper ideals does imply simplicity.
Proof. We will prove the contrapositive of each of the statements, except the last.
(3) =⇒ (1) . Suppose that V = W ⊕ W ⊥ is reducible as g-module, where W is a proper submodule and W ⊥ is its perpendicular complement. It does not matter whether we define perpendicularity using h or ω, since W is quaternionic by assumption and hence stable under J, hence the two notions agree. This implies that D ω (W, W ⊥ ) = 0, in the obvious notation. Indeed, if w ∈ W and v ∈ W ⊥ , then for all X ∈ g C , (D ω (w, v), X) = ω(X · w, v). Now, since W is a submodule, X · w ∈ W , which is then perpendicular to v ∈ W ⊥ . In the embedding Lie superalgebra, this means that [ the continuing 3-algebraic discussions. In particular, I am thankful to Paul for a question which revealed an error in the proof of Theorem 4 in a previous version of this paper.
